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Abstract
We consider canonically conjugated generalized space and linear momentum operators xˆq and pˆq
in quantummechanics, associated to a generalized translation operator which produces infinitesimal
deformed displacements controlled by a deformation parameter q. A canonical transformation
(xˆ, pˆ) → (xˆq, pˆq) leads the Hamiltonian of a position-dependent mass particle in usual space to
another Hamiltonian of a particle with constant mass in a conservative force field of the deformed
space. The equation of motion for the classical phase space (x, p) may be expressed in terms of the
deformed (dual) q-derivative. We revisit the problem of a q-deformed oscillator in both classical
and quantum formalisms. Particularly, this canonical transformation leads a particle with position-
dependent mass in a harmonic potential to a particle with constant mass in a Morse potential. The
trajectories in phase spaces (x, p) and (xq, pq) are analyzed for different values of the deformation
parameter. Lastly, we compare the results of the problem in classical and quantum formalisms
through the principle of correspondence and the WKB approximation.
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∗ bruno.costa@ifsertao-pe.edu.br
† ernesto@ufba.br
2
I. INTRODUCTION
During last three decades experimental and theoretical studies of quantum systems with
position-dependent mass (PDM) has attracted the interest of several researchers of differ-
ent areas. The most common example of an application of such systems is the motion of
electrons and holes in semiconductors [1]. There are several others applications of quantum
systems with PDM, for instance, studies on inversion potential for NH3 in density functional
theory [2], He clusters [3], optical properties of a spherical quantum dot [4], neutrino mass
oscillations [5].
In many theoretical works related to systems with PDM, the main goal is to obtain the
eigenfunctions and energy levels by means of the Schro¨dinger equation for a system with a
certain function of the mass in terms of the position and subject to a specific potential. Gen-
erally, the Schro¨dinger equation for a system with PDM is a non-homogeneous differential
equation. The most common approaches used to solve systems with PDM are coordinate
transformations and supersymmetry [6, 7].
Recently, Costa Filho et al. have proposed a generalized translation operator which
produces infinitesimal nonlinear displacements, defined by [8–11]
Tˆq(ε)|x〉 ≡ |x+ ε+ γqxε〉. (1)
It may be associated with the q-algebra derived from the nonextensive formalism through
γq ≡ (1 − q)/ξ [12, 13]. The index q is a dimensionless parameter, and ξ is a characteristic
length. The operator Tˆq(ε) leads to a generator of spatial translations corresponding to a
position-dependent linear momentum given by
pˆ′q = (1ˆ + γqxˆ)pˆ, (2)
and consequently a particle with PDM. This deformed momentum operator has been used to
discuss a system with PDM for different potentials in the quantum formalism [8–11, 14–20].
In these works, the deformed linear momentum operator is not Hermitian at the coordinate
basis {|x〉}. A modification can be done in order to make it Hermitian [10, 11, 17, 18]:
pˆq =
(1ˆ + γqxˆ)pˆ
2
+
pˆ(1ˆ + γqxˆ)
2
= (1ˆ + γqxˆ)pˆ− i~γq
2
, (3)
with [xˆ, pˆ] = i~1ˆ. Hermiticity leads to important properties: classical analogues for operators
of dynamic variables, real eigenvalues, and the existence of orthonormal basis of eigenstates.
This latter is related to the conservation law for probability in quantum mechanics.
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Nonlinear generalizations of equations of motion formulated by means of the q-algebra
have been recently proposed [21–28]. Alternative generalizations of dynamic equations with
Jackson’s q-calculus can be found in the literature [29–33]. A classical deformed oscillator
described by deformed trigonometric functions has been introduced in [34]. Ref. [9] analyzed
a quantum harmonic oscillator in a nonlinear space given by Eq. (1), with the non-Hermitian
operator (2). Deformed harmonic oscillators have nonlinear spectrum and can describe
diatomic molecules. One important drawback of these formulations is the violation of the
uncertainty principle for certain values of the controlling parameter.
We revisit the problem of a particle in a nonlinear space as described by Eq. (1), and its
linear momentum given by Eq. (3) under the influence of the quadratic potential V (x) =
kx2/2, within both classical and quantum formalisms. The paper is organized as follows: we
briefly review some properties of the q-algebra. Next, we discuss the dynamics of a system in
the nonlinear space for both classical and quantum formalisms. Then, we solve the problem
of a particle with PDM in classical and quantum formalisms, comparing the results through
the WKB approximation and the principle of correspondence. Uncertainty principle is also
analyzed.
II. DEFORMED FUNCTIONS AND DERIVATIVES
The q-exponential is a generalization of the ordinary exponential function, defined by:
expq x ≡ [1 + (1− q)x]1/(1−q)+ , (4)
with [A]+ = max{A, 0}, and the ordinary exponential is recovered as q → 1 [35–37]. It
satisfies expq(a) expq(b) = expq(a ⊕q b) and expq(a)/ expq(b) = expq(a ⊖q b), where the
symbol ⊕q represents the q-addition operator defined by a⊕q b ≡ a + b + (1 − q)ab, and
⊖q represents the q-subtraction, a⊖q b ≡ a−b1+(1−q)b (b 6= (q − 1)−1) [12, 13]. The inverse
function of the q-exponential is the q-logarithm function, given by
lnq x ≡ x
1−q − 1
1− q (x > 0). (5)
It is possible to define a generalization of the derivative operator, based on these deformed
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algebraic operators [13]. Particularly,
Dqf(u) ≡ lim
u′→u
f(u′)− f(u)
u′ ⊖q u
= lim
∆u→0
f(u⊕q ∆u)− f(u)
∆u
= [1 + (1− q)u]df(u)
du
,
(6)
which the q-exponential is eigenfunction. There is a dual q-derivative,
D˜qf(u) ≡ lim
u′→u
f(u′)⊖q f(u)
u′ − u
=
1
1 + (1− q)f(u)
df(u)
du
,
(7)
that satisfies D˜q lnq u = 1/u. These operators obey D˜qx(y) = [Dqy(x)]
−1, ∀q ∈ R. The
ordinary derivative is recovered for q = 1 in both cases.
The deformed derivative operator Dqf(u) may be understood as the rate of variation of
the function f(u) with respect to a nonlinear variation of the independent variable u→ u′ =
u⊕q ∆u = u+∆u+ (1− q)u∆u. On the other hand, the dual deformed derivative operator
D˜qf(u) is the rate of a nonlinear variation of the function f(u) with respect to the ordinary
variation of the independent variable u.
Considering a real variable u, we have
dqu ≡ lim
u′→u
u′ ⊖q u = du
1 + (1− q)u. (8)
The definition of the deformed variable uq (a deformed q-number)
uq ≡ ln(expq u) =
ln[1 + (1− q)u]
(1− q) (9)
implies dqu = duq, i.e., the deformed differential of an ordinary variable u may be expressed
as the ordinary differential of a deformed variable uq. This q-deformed variable, Eq. (9),
has already been defined in [34]. It is curious to notice that Tsallis an Re´nyi entropies are
related exactly through this transformation (see Eq. (8) of [36]).
The q-derivatives obey the following relations: Dqf(u) = df(u)/dqu = df(u)/duq and
D˜qf(u) = dqf(u)/du = dfq(u)/du, i.e., the deformed derivative of an ordinary variable
is equal to the ordinary derivative of the corresponding deformed variable. The second
q-derivatives must be used as
D2qf(u) = [1 + (1− q)u]
d
du
{
[1 + (1− q)u] df
du
}
, (10)
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and
D˜2qf(u) =
1
1 + (1− q)f(u)
d
du
[
1
1 + (1− q)f(u)
df
du
]
. (11)
Higher order deformed derivatives are evaluated accordingly.
III. DYNAMICS OF A SYSTEM WITH POSITION-DEPENDENT MASS
The deformed linear momentum operator (2) is a generator of nonlinear translations.
This operator is related to the q-derivative (6). The effect of operator pˆ′q at coordinate basis
{|x〉} on a state |α〉 is
〈x|pˆ′q|α〉 = −i~(1 + γqx)
dψ(x)
dx
= −i~Dγqψ(x), (12)
where ψ(x) = 〈x|α〉 and Dγq ≡ (1 + γqx)d/dx. Similarly,
〈x|pˆq|α〉 = −i~(1 + γqx)dψ(x)
dx
− i~γq
2
ψ(x)
= −i~Dγqψ(x)−
i~γq
2
ψ(x). (13)
Using the property [pˆ, f(xˆ)] = −i~df(xˆ)/dxˆ with f(xˆ) = (1ˆ + γqxˆ)1/2, we can also write
pˆq = (1ˆ + γqxˆ)
1/2pˆ(1ˆ + γqxˆ)
1/2. Thus,
〈x|pˆq|α〉 =
√
1 + γqx
(
~
i
d
dx
)[√
1 + γqxψ(x)
]
. (14)
Introducing a generalized space operator xˆq canonically conjugated to pˆq, i.e. [xˆq, pˆq] =
i~1ˆ, we get
xˆq =
ln(1ˆ + γqxˆ)
γq
= ξ ln[expq(xˆ/ξ)]. (15)
In particular, (xˆ, pˆ) −→ (xˆq, pˆq) forms a canonical transformation that leads a q-addition
of two positions at basis {|x〉} into a usual addition of two positions in a deformed space
at basis {|xq〉}, i.e., x′ ⊕q x −→ x′q + xq. These hermitian operators present the following
classical analogs: 
pq = (1 + γqx)p
xq =
ln(1 + γqx)
γq
= ξ ln
[
expq(x/ξ)
] (16)
with the generating function given by φ(xq, p) = −p(eγqxq + 1)/γq. In the following, we
analyze some implications of this canonical transformation in both classical and quantum
formalisms.
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A. Deformed classical formalism
Let us initially address the classical problem of a constant mass particle submitted to
a conservative force with potential V (xq), and the linear deformed momentum pq, whose
Hamiltonian is
K(xq, pq) =
p2q
2m0
+ V (xq). (17)
The canonical transformation given by Eqs. (16) leads to the new Hamiltonian (see, for
instance, [38])
H(x, p) =
p2
2m(x)
+ V (x), (18)
with
m(x) =
m0
(1 + γqx)2
. (19)
The equation of motion is
p˙ = −γq(1 + γqx)p
2
m0
− dV (x)
dx
, (20)
with p = m(x)x˙, thus
m0
[
x¨
(1 + γqx)2
− γqx˙
2
(1 + γqx)3
]
= −dV (x)
dx
. (21)
This equation may be conveniently rewritten as
m0D˜
2
γqx(t) = F (x), (22)
i.e., a deformed Newton’s law for a space with nonlinear displacements. The generalized
displacement of a PDM m(x) in a usual space (dqx) is mapped into a constant mass m0 in a
deformed space with usual displacement (dxq): dqx ≡ ξ
[(
x+ dx
ξ
)
⊖q
(
x
ξ
)]
=
dx
1 + γqx
≡
dxq. The time evolution is, thus, governed by the generalized dual derivative, D˜γqx =
1
1 + γqx
dx
dt
.
The particle velocity,
x˙ =
√
2
m(x)
[E − V (x)], (23)
may be rewritten as a deformed particle velocity:
D˜γqx =
√
2
m0
[E − V (x)]. (24)
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Coherently, the particle position can be obtained through the q-integral
t− t0 = ±
∫ x
x0
dx√
2
m(x)
[E − V (x)]
= ±
∫ x
x0
dx
(1 + γqx)
√
2
m0
[E − V (x)]
= ±
∫ x
x0
dqx√
2
m0
[E − V (x)]
. (25)
B. Deformed quantum formalism
Consider a quantum system described by the Hamiltonian Kˆ(xˆq, pˆq) = pˆ
2
q/2m0+V (xˆq), at
the coordinate basis {|xq〉}. For the ket state |α(t)〉, the Schro¨dinger equation is i~ ∂∂t |α(t)〉 =
Kˆ|α(t)〉, i.e.
i~
∂Φ(xq , t)
∂t
= − ~
2
2m0
∂2Φ(xq, t)
∂x2q
+ V (xq)Φ(xq, t) (26)
with Φ(xq, t) ≡ 〈xq|α(t)〉.
From the canonical transformation given by Eqs. (3) and (15), the Hamiltonian operator
at basis {|x〉} is
Hˆ(xˆ, pˆ) =
1
2m0
[
(1ˆ + γqxˆ)pˆ
2
+
pˆ(1ˆ + γqxˆ)
2
]2
+ V (xˆ)
=
1
2m0
[
(1ˆ + γqxˆ)
1/2pˆ(1ˆ + γqxˆ)pˆ(1ˆ + γqxˆ)
1/2
]
+ V (xˆ). (27)
It is in agreement with kinetic operator introduced by von Roos [1] for systems with a PDM
operator given by m(xˆ) = m0/(1ˆ + γqxˆ)
2, and it can be rewritten as
Hˆ(xˆ, pˆ) = −~
2
2
{
[m(xˆ)]ς
d
dx
[m(xˆ)]ζ
d
dx
[m(xˆ)]ς
}
+ V (xˆ), (28)
with ς = ζ
2
= −1
4
. The particular case (ς, ζ) = (−1
4
,−1
2
) maps the potential V (xˆ) into an
effective potential V (xˆq), that is independent on m(xˆ) [39].
The Schro¨dinger equation i~ ∂
∂t
|α(t)〉 = Hˆ|α(t)〉 may be explicitly written in terms of the
wave function Ψ(x, t) ≡ 〈x|α(t)〉 as
i~
∂Ψ(x, t)
∂t
= −~
2(1 + γqx)
2
2m0
∂2Ψ(x, t)
∂x2
− ~
2γq(1 + γqx)
m0
∂Ψ(x, t)
∂x
− ~
2γ2q
8m0
Ψ(x, t)+V (x)Ψ(x, t).
(29)
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The probability density ρ(x, t) ≡ |Ψ(x, t)|2 obeys the continuity equation
∂ρ(x, t)
∂t
+
∂J(x, t)
∂x
= 0, (30)
where the current density is given by
J(x, t) ≡ Re
{
Ψ∗(x, t)
(
~
i
∂
∂x
)[
1
m(x)
Ψ(x, t)
]}
. (31)
Eq. (29) may be conveniently rewritten by means of the transformation commonly use for
PDM systems, Ψ(x, t) = [m(x)/m0]
1/4Φq(x, t) [39], that results
Ψ(x, t) ≡ Φq(x, t)√
1 + γqx
, (32)
and
i~
∂Φq(x, t)
∂t
= −~
2(1 + γqx)
2
2m0
∂2Φq(x, t)
∂x2
− ~
2γq(1 + γqx)
2m0
∂Φq(x, t)
∂x
+ V (x)Φq(x, t), (33)
or, more compactly,
i~
∂Φq(x, t)
∂t
= − ~
2
2m0
D2γqΦq(x, t) + V (x)Φq(x, t). (34)
This equation is equivalent to Eq. (26) with x −→ xq = ξ ln[expq(x/ξ)], Dγq ≡ ∂/∂xq = (1+
γqx)∂/∂x, and Φq(x, t) = Φ(xq(x), t). It is also equivalent to Eq. (14) of [8] which corresponds
to a Schro¨dinger-like equation for a field Φq(x, t) with the non-hermitian operator pˆ
′
q, and
an associated non-Hermitian Hamiltonian operator given by
Hˆ ′ =
1
2m0
(pˆ′q)
2 + V (xˆ)
=
1
2m0
(1 + γqxˆ)pˆ(1 + γqxˆ)pˆ+ V (xˆ). (35)
There is an equivalence between describing a Hermitian system with kinetic energy term of
a PDM and a non-Hermitian one with kinetic energy term deformed in terms of the spatial
q-derivative. Furthermore, the field Ψ(x, t) is replaced by a new deformed field Φq(x, t).
Similar to the classical formalism, the Schro¨dinger-like equation (34) for a system with
PDM may also be written in terms of the q-derivative.
Note that if the field Φ(xq, t) is the solution of the Schro¨dinger equation at basis {|xq〉},
then the field Ψ(x, t) is its solution at basis {|x〉}. Thus, the Schro¨dinger equation for the
field Ψ(x, t) for a system with PDM in a usual space {|x〉} is mapped into an equation for
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the field Φ(xq, t) in a deformed space {|xq〉}. Furthermore, if Φ(xq, t) is normalized, then
Ψ(x, t) is also normalized. In fact,∫ xq,f
xq,i
Φ∗(xq, t)Φ(xq, t)dxq =
∫ xf
xi
Φ∗q(x, t)Φq(x, t)
1 + γqx
dx = 1 (36)
and using Eq. (32), we have
∫
Ψ∗(x, t)Ψ(x, t)dx = 1. The deformed space implies a deformed
metric, with the deformed inner product defined by the q-integral (see [9]):
〈ϕb(x)|ϕa(x)〉q ≡
∫ xf
xi
ϕ∗b(x)ϕa(x)
1 + γqx
dx
=
∫ xf
xi
ϕ∗b(x)ϕa(x)dqx
=
∫ xq,f
xq,i
ϕ∗b(xq)ϕa(xq)dxq
= 〈ϕb(xq)|ϕa(xq)〉. (37)
The deformed continuity equation reads:
∂̺q(x, t)
∂t
+DγqJq(x, t) = 0, (38)
with
Jq(x, t) ≡ Re
[
Φ∗q(x, t)
(
~
i
Dγq
)(
Φq(x, t)
m0
)]
. (39)
Consistently, Eqs. (30)–(32) lead to (38)–(39).
The quantum formalism for PDM in terms of the field Φq(x, t) replaces the usual derivative
and integral operators (with respect to the spatial variable x) by the q-derivative and q-
integral. The same feature applies for the classical formalism, but the with the dual q-
derivative, instead. This is due to the fact that in the quantum formalism, the equations
that describe the dynamics of the system (such as the Schro¨dinger equation), takes into
account nonlinear spatial variations of the independent variable x (Φ = Φq(x, t)), which
is directly related to the q-derivative (6). On the contrary, in the classical formalism, the
nonlinear spatial variation takes place on the dependent variable x(t), directly associated
with the definition of the dual q-derivative (7).
According to Ehrenfest’s theorem, the time evolution of the expectation values of the
space xˆ and linear momentum pˆ operators are respectively given by
d〈xˆ〉
dt
=
〈(1ˆ + γqxˆ) pˆ (1ˆ + γqxˆ)〉
m0
, (40a)
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and
d〈pˆ〉
dt
= − γq
m0
〈pˆ (1ˆ + γqxˆ) pˆ〉 −
〈
dV
dxˆ
〉
, (40b)
with
∫
J(x, t)dx = d〈xˆ〉/dt.
IV. CLASSICAL HARMONIC OSCILLATOR WITH POSITION-DEPENDENT
MASS
Consider a particle with mass given by Eq. (19) under the influence of a quadratic po-
tential, whose the Hamiltonian is
H(x, p) =
p2
2m(x)
+
1
2
kx2. (41)
The deformed Newton’s law for this problem is:
D˜2γqx(t) = −ω20x, (42)
where the angular frequency ω0 =
√
k/m0 corresponds to the usual case γq = 0.
The velocity, v(t) = x˙ = ±(1 + γqx)ω0
√
A2 − x2, is rewritten as
D˜γqx(t) = ±ω0
√
A2 − x2, (43)
where A is the amplitude of oscillations. The solution of Eq. (42), or Eq. (43), is
x(t) = A cos [θq(t)] (44)
with
θq(t) = 2 atan
[√
1 + γqA
1− γqA tan
(√
1− γ2qA2
ω0t + δ
2
)]
,
that is a periodic function with period τq =
2pi
ω0
√
1−γ2qA
2
. Figure 1 shows position, velocity,
acceleration and phase for 0 ≤ γqA < 1 (the usual case γqA = 0 is illustrated for comparison).
As γqA approaches 1, the particle remains close to the position x = −A for longer periods
of time, since the mass is increased in this region.
For γqA > 1, the system looses its oscillatory nature and the particle moves between
−1/γq < x ≤ A, as illustrated in Figure 2. When t ≫ τ0, x asymptotically approaches
xmin = −1/γq. Figure 2 also shows the particle velocity as a function of time. For t > t∗,
where
t∗ =
τq
π
atanh
[
(γqA− 1)(1 + 4γqA−
√
1 + 8γ2qA
2)
(γqA+ 1)(1 + 4γqA +
√
1 + 8γ2qA
2)
]1/2
, (45)
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FIG. 1. (Color online) Temporal evolution of (a) position, (b) velocity, (c) acceleration and (d)
phase for a PDM classical oscillator given by Eq. (19). γqA = 0 (dashed red), 0.5 (dash-dotted
blue), and 0.9 (solid black), (τ0 = 2pi/ω0, δ = 0).
the absolute value of the speed gradually decreases and eventually the particle comes to rest
at t→∞.
Equation (16) transforms the Hamiltonian H(x, p) to the Morse oscillator Hamiltonian
[40]
K(xq, pq) =
p2q
2m0
+Wq(e
−αqxq − 1)2, (46)
with the binding energy Wq ≡ m0ω20/2γ2q , and αq ≡ −γq is a parameter that controls
the anharmonicity of the potential (γ2qA
2 = E/Wq). Therefore, the classical canonical
transformation Eq. (16) maps a system with PDM given by Eq. (19) subject to a quadratic
potential in a phase space (x, p) into a system of constant mass subject to a Morse potential in
the deformed phase space (xq, pq). Since γ
2
qA
2 = E/Wq, the particle presents closed curves in
the phase space (xq, pq) for E < Wq and an open curves for E > Wq. Figure 3 shows the phase
12
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FIG. 2. (Color online) Temporal evolution of position and velocity for a PDM classical oscillator
(Eq. (19)). γqA = 1.01 (solid black), 2.0 (dash-dotted blue), and 10 (dashed red).
spaces (x, p) and (xq, pq) for γqA < 1 (closed orbits) and γqA > 1 (open orbits). The confined
position (xmin < x ≤ A) and divergent momentum (−∞ < p < ∞) for the problem with
γqA > 1 is turned into unconfined deformed position (−∞ < xq < xq,max = γ−1q ln(1+ γqA))
and bounded deformed momentum (−pq,max < pq < pq,max, with pq,max = m0ω0A
√
1− 1
γ2qA
2 ).
Figure 4 brings some instances of Lissajous curves for two oscillators.
The probability Pclassic(x)dx ∝ dx/v to find the particle with position between x and
x+ dx is
Pclassic(x)dx =
√
1− γ2qA2
π(1 + γqx)
√
A2 − x2dx. (47)
The first and second moments of position and momentum are
x
A
= −1 −
√
1− γ2qA2
γqA
, (48a)
x2
A2
=
1−√1− γ2qA2
γ2qA
2
, (48b)
p = 0, (48c)
p2 =
m20ω
2
0A
2
2(1− γ2qA2)
. (48d)
The virial theorem is only valid for the usual case γq = 0 since (see Eq. (48b), with T =
E − V ): T =√1− γ2qA2 V .
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FIG. 3. (Color online) Phase spaces for a classical oscillator with m(x) given by Eq. (19). Up-
per line: undeformed canonical coordinates (x, p). Bottom line: deformed canonical coordinates
(xq, pq). Left column: closed orbits. Right column: open orbits.
The use of WKB approximation is an alternative and simple way to obtain the energy
levels of a quantum system through its classical analogue. This procedure leads to(
n+
1
2
)
π~ =
1
2π
∫ A
−A
pdx =
mω0
2π
∫ A
−A
√
A2 − x2
1 + γqx
dx
=
mω0A
2
4π
∫ 2pi
0
sin2 θq
1 + γqA cos θq
dθq (49)
with n integer. Solving the above equation for A2 = 2En/m0ω
2
0, we arrive at
En = ω0~
(
n +
1
2
)[
1− γ
2
qx
2
0
2
(
n+
1
2
)]
, (50)
where x20 = ~/m0ω0. Ref. [9] obtained the same result by using a non Hermitian linear
momentum, Eq. (2). The energy levels of the quantum harmonic oscillator with PDM given
by Eq. (19) are identical to those of a constant mass particle in a constant Morse potential,
since these two systems may be mapped into one another by the canonical transform (16).
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FIG. 4. (Color online) Lissajous figures for two deformed oscillators with phase difference δy−δx =
pi/2 and ωy/ωx = 4/3 with γqA equal to (a) 0, (b) 0.3, (c) 0.5, and (d) 0.9.
Figure 5 shows the Morse potential V (xq) = Wq(e
−αqxq − 1)2 for different values of γqA,
as well as energy levels of bound states.
V. QUANTUM HARMONIC OSCILLATOR WITH POSITION-DEPENDENT
MASS
The Hamiltonian operator for the PDM oscillator is
Hˆ = −~
2
2
{
[m(xˆ)]−1/4
d
dx
[m(xˆ)]−1/2
d
dx
[m(xˆ)]−1/4
}
+
1
2
m0ω
2
0xˆ
2, (51)
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FIG. 5. (Color online) (a) Potentials in the phase space and (xq, pq) for values of γqA = 0 (dotted
red), 0.5 (dashed magenta), 0.9 (dash-dotted blue), and 1.1 (solid black). (b) Energy levels of the
bound states for γqx0 = 0.3, with ε0 = ~ω0/2. The usual case γqx0 = 0 is shown for comparison.
and its associated time independent Schro¨dinger equation at basis {|x〉} is
− ~
2(1 + γqx)
2
2m0
d2ψ(x)
dx2
− ~
2γq(1 + γqx)
m0
dψ(x)
dx
− ~
2γ2q
8m0
ψ(x) +
1
2
m0ω
2
0x
2ψ(x) = Eψ(x), (52)
where Ψ(x, t) = ψ(x)e−iEt/~ and 〈x|α〉 = ψ(x). The the canonical transformation given by
Eqs. (3) and (15) leads to the time independent Schro¨dinger equation at basis {|x〉} for a
particle with constant mass m0 submitted to the Morse potential:
− ~
2
2m0
d2ϕ(xq)
dx2q
+Wq(e
−αqxq − 1)2ϕ(xq) = Eϕ(xq). (53)
The corresponding time independent deformed Schro¨dinger equation for the state functions
ϕq(x) = ϕ(xq(x)) =
√
1 + γqxψ(x) is
− ~
2
2m0
D2γqϕq(x) +
1
2
m0ω
2
0x
2ϕq(x) = Eϕq(x). (54)
The solution of the above equations lead to the following wave functions:
ψn(x) =
An√
1 + γqx
e−d(1+γqx)[2d(1 + γqx)]
b/2L(b)n (2d(1 + γqx)), (55)
where d = 1/γ2qx
2
0, b = 2d − 1 − 2n > 0, A2n = bγqn!/(n + b)! and L(b)n are associated
Laguerre polynomials. The energy levels are also given by Eq. (50). Figure 6 shows the wave
function and density probability. Figure 7 illustrates that for large quantum numbers, here
exemplified with n = 10, the average of the quantum probability density ρn(x) = |ψn(x)|2
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approaches to the classical one given by Eq. (47) with amplitude A = aq,n, where
a2q,n =
2En
m0ω20
= x20(2n + 1)
[
1− γ
2
qx
2
0
4
(2n+ 1)
]
. (56)
The deformed translation operator (1) can be extended to quantum systems with higher
spatial dimensions through Tˆq(~ε)|~r 〉 ≡ |x+(1+γqx)εx, y+(1+γqy)εy, z+(1+γqz)εz〉, with
|~r 〉 = |x, y, z〉 = |x〉⊗|y〉⊗|z〉. The linear momentum operator, Eq. (3), is straightforwardly
rewritten as ~pq = pq,x~ı+ pq,y~+ pq,z~k, with
pˆq,x =
(1ˆ + γqxˆ)pˆx
2
+
pˆx(1ˆ + γqxˆ)
2
,
pˆq,y =
(1ˆ + γqyˆ)pˆy
2
+
pˆy(1ˆ + γqyˆ)
2
,
pˆq,z =
(1ˆ + γqzˆ)pˆz
2
+
pˆz(1ˆ + γqzˆ)
2
.
(57)
The canonical transformation (16) extended for three dimensions becomes (~p, ~r) → (~pq, ~rq)
where ~rq = γ
−1
q [ln(1 + γqx)~i+ ln(1 + γqy)~j + ln(1 + γqz)
~k].
Figure 8 shows probability densities ρn1,n2(x, y) = |ψn1(x)ψn2(y)|2 for the two-dimensional
case, where the asymmetric effect due to the PDM can be seen. The optical analog of
this two-dimensional oscillator is related to the propagation of Gaussian beams in non-
homogeneous media [41].
The expectation values of 〈xˆ〉, 〈xˆ2〉, 〈pˆ〉, and 〈pˆ2〉 are
〈xˆ〉 = − γq~
m0ω
(
n+
1
2
)
, (58a)
〈xˆ2〉 = ~
m0ω
(
n+
1
2
)
, (58b)
〈pˆ〉 = 0, (58c)
〈pˆ2〉 = m0ω~
(
n+ 1
2
)− γ2qx20
2
(n2 + n− 1)[
1− γ2qx20
(
n+ 1
2
)]2 − (γqx0)4 . (58d)
We can clearly see that in the limit γqx0 → 0, the usual cases 〈xˆ〉 = 0 and 〈pˆ2〉 =
m0ω~ (n+
1
2
) are recovered. Since b/2d =
√
1− γ2qa2q,n, Eqs. (58a), (58b) and (58d) can be
rewritten as
〈xˆ〉
aq,n
= −1−
√
1− γ2qa2q,n
γqaq,n
, (59a)
〈xˆ2〉
a2q,n
=
1−√1− γ2qa2q,n
γ2qa
2
q,n
, (59b)
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FIG. 6. (Color online) Wave functions ψn(x) (left column) and probability densities |ψn(x)|2 (right
column) for a particle with PDM according to Eq. (19) under a quadratic potential for different
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〈pˆ2〉 = m
2
0ω
2
0
2
(
a2q,n +
3
4
γ2qx
4
0
1− γ2qa2q,n − γ4qx40
)
. (59c)
According to the principle of correspondence, in the limit of large quantum numbers (or
~→ 0), we have En → E and aq,n → A, and consequently Eqs. (59) coincide with Eqs. (48).
Similarly to the classic case, one obtains 〈Tˆ 〉 =√1− γ2qa2q,n 〈Vˆ 〉.
Figure 9 shows the uncertainty relation for this oscillator. ∆x∆p ≥ ~/2, since that the
operators xˆ and pˆ are canonically conjugate and Hermitian.
VI. CONCLUSIONS
We revisit the problem of a particle with position-dependent mass introduced in [9],
where we use the Hermitian deformed linear momentum operator pˆq, instead of the orig-
inally proposed non-Hermitian operator. The definition of a deformed space operator
xˆq = ξ ln[expq(xˆ/ξ)] (Eq. (15)) establishes the equivalence of the PDM particle in an or-
dinary phase space to a constant mass particle in a deformed phase space. Particularly,
the PDM m(x) = m0/(1 + γqx)
2 (Eq. (19)) in an ordinary space submitted to a quadratic
potential is transformed into a constant mass in a deformed space submitted to the Morse
potential. Since the operators xˆq and pˆq are Hermitian and canonically conjugated, the
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classical and quantum formalisms are coherently connected, and the uncertainty and cor-
respondence principles are consistently followed. The introduction of deformed derivatives
allows the equations of motion to be written with a formal similarity to the usual ones:
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the quantum case uses the q-derivative, Eq. (6) (see Eq. (34)), while the classical case uses
the dual q-derivative, Eq. (7) (see Eq. (22)). The specific PDM we have considered here,
Eq. (19), is associated with the deformed mathematical framework addressed in Sec. II. In-
vestigations of the deformed oscillator through factorization methods in quantum mechanics,
like supersymmetry [6, 7] and generalized Heisenberg algebras [42, 43], and how the opera-
tors that emerge from these formulations can be rewritten in terms of q-deformed functions
and derivatives are interesting additional developments. The equivalence between the use
of deformed variables and deformed functions is already present in the works of Kaniadakis,
e.g., Eq. (50) of [44] and Eq. (2.1) of [45], though in a different context. Other possible
PDM functions may be connected to different deformations of space, and consequently to
different derivatives, and ultimately, deformed equations of motion. Investigations on these
possible unexpected connections are stimulating.
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